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Abstract— Latent Semantic Indexing is a powerful linear
algebraic method for dimension reduction. It is also very useful
in solving synonymy problem of textual corpora. A corpora of
several documents representing as a bag of features is
represented as a Term-Document matrix (TDM), where a Term
represents a feature. A TDM can also be a visualization of an
experiment repeated several times on an unknown system, where
a term of the TDM represents an unknown variable of the system
and a document of the TDM represents experiment iteration.
Using LSI, a large hyper-space of a corpora or a system could be
decomposed into three smaller matrices (Left Singular matrix
'U", Right Singular Matrix 'V', Diagonal matrix of Singular
values 'S') as a function of rank 'K, a scalar value. The rank is
expected to be optimally smaller, with which the hyperspace
could be represented in a sub-space without much of data loss.
The choice of Rank ‘K" is critical because if the value is chosen to
be smaller than optimal, the derived subspace representation is
rendered useless as the data loss could become high. We propose
a method to mathematically derive the optimal rank, which
ensures the best subspace representation of a large hyper-space
TDM in reduced dimension. We prove the efficiency of our
method by comparing the accuracy values of synonymy
measurements made on reduced dimension subspaces that are
cut at different 'K" values.
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I. INTRODUCTION

Latent Semantic Indexing (LSI) model is the
application of Single Value Decomposition (SVD) on
a hyperspace called Term Document Matrix (TDM)
constructed from a corpus, which is represented using a fixed
vocabulary of terms. LSI is based on the assumption that there
is always an underlying ‘hidden’ semantic structure in the
pattern of word-usage across documents, rather than just
surface level choice of words. LSI attempts to identify this
hidden semantic structure through statistical techniques and
uses it to represent and retrieve information. This is done by
modelling the association (co-occurrence patterns) that exist
amongst terms and documents. LSI transforms the term-
document vector space (hyperspace) into a more compact
latent semantic space. Each dimension in the reduced space
corresponds to an ‘artificial concept’. These concepts loosely
correspond to a set of terms. It is believed that in the vector
space of reduced dimensionality, the words referring to related
concepts, i.e., words that co-occur, are collapsed into the same

dimension. Latent semantic space is thus able to capture
similarities that go beyond term similarity. In the latent
semantic space, a query and a document can have high
similarity even if the document does not contain a query term,
provided the terms are semantically related.

In this paper, we discuss about the importance of an
optimal rank while building LSI models, which directly
controls the accuracy of Information Retrieval capacity of the
LSI model. We also discuss the issues in estimating the
optimal rank by the traditional trial-and-error method. We
present our systematic approach to estimation of optimal rank
by analysing the singular values of a LSI model.

Il. RELATED WORK

Choosing an optimal dimensionality reduction parameter K,
the rank of the SVD problem, for every document collection
remains empirical. Traditionally, the optimal K has been
chosen by running several sets of queries with known relevant
document sets for different values of K. The K that results in
the best retrieval performance is chosen as the optimal K for
the chosen document collection. The optimal K value falls
typically in the range of 100-300 dimensions. This has been
an important topic of research for several years.

Berry [2, 3] describes the SVD process and interprets the
resulting matrices in a geometric context. They show that the
SVD, truncated to k dimensions, gives the optimal rank
approximation to the original matrix. Wiemer-Hastings [4]
shows that the power of LSI comes primarily from the SVD
algorithm. Other researchers have proposed theoretical
approaches to understanding LSI. Zha and Simon describe
LSI in terms of a subspace model and propose a statistical test
for choosing the optimal number of dimensions for a given
collection [5]. Story discusses LSI’s relationship to statistical
regression and Bayesian methods [6]. Ding constructs a
statistical model for LSI using the cosine similarity measure,
showing that the term similarity and document similarity
matrices are formed during the maximum likelihood
estimation, and LSI is the optimal solution to this model [8].
Ding and He show the unsupervised dimension reduction is
closely related to unsupervised learning, and use the top SVD
dimensions to identify good centroid starting points for a K-
means clustering algorithm [7]. Although other researchers
have explored the SVD algorithm to provide an understanding
of SVD-based information retrieval systems, to our
knowledge Schutze was the first to study the values produced
by LSI [9]. Kontostathis et al later expanded upon this work,
showing that the SVD exploits higher order term co-



occurrence in a collection, and showing the correlation
between the values produced in the term-term matrix and the
performance of LSI [10]. They further extended these results
to determine the most critical values in an LSI system [11].
Sudarsun et al [17] described the trial and error method for
optimal rank estimation. In the following sections, we show
that the term relationship information can be found within the
first few dimensions of the SVD and explained how to find
that optimal dimension.

I111. BACKGROUND

Latent Semantic Indexing on a text corpus represented by a
Term-Document Matrix, Ay, i achieved by performing
Singular Value Decomposition (SVD) on A, which gets
decomposed into three matrices— a term-concept vector
matrix, Uy, a singular values matrix, Sy, and a concept-
document vector matrix, Vy;, with the parameter ‘k’, the rank
of the SVD decomposition. Typically, the value of ‘k’ is far
lesser in comparison with the ‘m’ and ‘n’, the dimensions of
the TDM. The decomposed matrices comply with the
following criteria:

o A=USV'

o U'u=V'v=Ik

o UU" =1y

o W'=ly

O S11>S3 > S33> ... > Sk

LSI captures the co-occurrence patterns of the keywords
and documents that were used to build the hyperspace TDM.
LS| estimates the co-occurrence of features based on the
frequency and association in the hyperspace.

A. Choice of Rank

The input matrix ‘Ap,” could be reconstructed from the
decomposed matrices by computing the product of U, S & V.
The purpose of SVD is to reduce the dimension of the original
TDM to a sub-space controlled by the parameter ‘K’. LSI
attempts to find the best sub-space representation of the input
matrix ‘A’, in lesser dimension such that all the important
information about ‘A’ are preserved and the statistically
useless information are left behind. The choice of ‘K’ is
critical because if the value of ‘K’ is too low, the
decomposition may end up under-representing the hyperspace
TDM. Alternately, if the choice of ‘K’ is too high, the
decomposed sub-space may over-represent the hyperspace by
adding in noise components.

>

B. Rank Vs Precision

If we consider plotting the change in Precision values while
evaluating an LSI model against the change in Rank, K;, it
becomes clear that the precision values saturate after a
particular rank Kopimai, followed by a slow decay. From Fig. 1,
it is apparent that the precision saturates at rank (K=100),
which we would call the optimal rank, Kopima. TO the left of
Koptimai: the precision is low, because of under representation

of prominent data from the hyperspace TDM. To the right of
Kopiimai, the precision appears to be decaying slowly because
of the over representation of the sub-space with added in noise
components.
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Fig. 1 Precision Vs Increasing Rank

IV.PROPOSED METHOD

We have attempted to identify the optimal K value by
analysing the S matrix of the decomposed hyperspace TDM.
Our consideration is to find the optimal value of k by using
the singular values, which is sorted in the descending order
during the decomposition process. When we plotted the
singular values, we were able to witness the relationship
between the slope of the S-value plot and the slope of the
precision value plot.

A. Singular Values

When a scatter plot of the singular values °S;’ against the
rank ‘K;’ is made, it becomes apparent that the values saturate
after a particular ‘K’ value, which we call as “‘Kgiticar-
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Keritical IS defined as a chosen K value where the slope of the
singular value plot (alternately, dS/dK) becomes less than a
pre-determined threshold value, which is typically in the range
of 1E-3. It is interesting to note that the K, estimated
using the singular value plot and the Kopyima estimated using
the precision plot is in the likelihood. So, it should be possible
to estimate Kopima from just the slope information of the
Singular values of a LSI model.

B. Experiment

LSI model could be used to identify synonymous keywords
and documents given an input query, which could be a
keyword or a document. We chose to test the model using the
query keywords and validated the precision of the
synonymous keywords returned as results from the input
query. We considered testing the LSI model built using
technical documents from several industries. We carefully
chose evenly distributed keywords from every industrial
domain such that the query space is uniformly populated. A
evaluation set is created using the chosen uniformly
distributed keyword queries along with the probable
synonymous keywords handpicked from the chosen technical
document corpus. The chosen keywords are queried against
the model and the results generated by the model are validated
against our evaluation set to compute the precision score for
every query. The plot of precision against rank would appear
like Fig.1.

The steps are listed below—
a) Select a corpus of several thousand technical text
documents that are uniformly distributed across several
industrial domains.
b) Select several keywords from each industrial domain
that could represent the breadth of the industry
¢) Build an LSI model using the corpus
d) Normalize the singular values
e) Plot the singular values of the LSI model
a. Setup athreshold value (typically 1E-3)
b. Find the cut in point, where the slope of the
magnitude is less than the set threshold
c. If the cut in point is too low or too high than
expected, the threshold may have to be tuned.
f)  Cut the LSI model at different K values
g) For each K value
a. Run the query set against the model
b. Evaluate the results generated by the model
c. Compute the precision on a industry basis
d. Compute the average precision

h) Plot the average precision against every K value

i) Compare the plots and conclude.

C. Algorithm

The algorithm for the estimation of optimal K from the
singular values is based on the slope ‘dS/dK’, where dS/dK is
the differentiation of scalar value ‘S’, with respect to Rank
‘K’. The threshold value of 1E-3 is empirically found for our
chosen corpus. The threshold could be tuned, if needed, for
suiting a different corpus.

Algorithm 1: S Values Normalization

Input: Skk
Let Si:= Diagonal elements of Skk
Let Total:= Sum of all elements in Si
Let Sum:= 0
Let P:= -1
For i in 1, K
Let Sum:= Sum+S[i]
If Sum/Total > 0.5
P:= i
Break
Endif
Endfor
If P eqg -1
Report Error
Endif

Let Total:=0
For i in P, K
Let Total:= Total+S[i]

Endfor
For 1 in P, K

Let S[i]:=S[i]/Total
Endfor

Remove elements 1,P-1 from S
Return S,P

Find Critical K
Threshold

Algorithm 2:
Input: S, P,

For i in P+1, K
If S[i]-S[i-1]
Return i
Endif
Endfor

< Threshold

While normalizing the Singular values, we chose to
eliminate the first few elements because of their high
magnitude. When high magnitude values are used in the
normalization, the average value gets skewed toward the high
magnitude side. To avoid this problem, we chose to eliminate
the elements that contribute to just about 50% of the total
magnitude of the estimated subspace representation.
Algorithm 1 describes the procedure of eliminating the high
magnitude components of S matrix. It would be interesting to
see that 50% of the magnitude is covered roughly within the
first 20 odd singular values.

The normalized and truncated S values are used to measure
the first-order differential to find the slope. When the slope
becomes smaller than the set threshold for a particular ‘k’
value, it is declared that the current ‘k’ value becomes the
critical ‘K’. Algorithm 2 describes the procedure in finding
the ‘K’.

D. Ilustration

We performed an experiment as per the procedure
described in section IV (B) using a corpus of 100,000
technical text documents. We have evaluated the model for
ranks ranging from 50 to 500 in steps of 50 and plotted the



precision values. Similarly, we did a plot of the Singular
values of the model. The plots are shown in Fig.3. It is
estimated that the model is performing best at rank K=300,
which is confirmed by the minimum slope of the singular
values at K=300.
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Fig.3 Singular values (S) and Precision (P) plotted against Rank (K) for a LSI
model built with a technical text corpus of 100,000 documents

V. CONCLUSION

There are no standard methods for choosing the optimal
rank of the reduced dimension while building SVD or LSI
models. Usually the choice is made through repeated trial and
error. We have presented a method to estimate the optimal
rank using a simple and systematic procedure.

From the experiments, we made an important discovery
about the co-occurrence and correlation estimation of the LSI
model, which is; the singular values of the LSI model can also
be visualized as the topic proportions in an aspect model.
While doing so, the optimal rank could be understood as the
number of topics that are distributed in the hyperspace. We
could classify these topics into three categories, viz. seeding
or strong topics, secondary or supportive topics and the junk
or noise topics. The proportion of these topics is the main
reason for the precision or accuracy of the model. Absence of
primary topics will directly affect the accuracy, and the
inclusion of the unnecessary junk topics degrades the
performance of the model, which was made evident in Fig.1.
The optimal rank is the cut-off point which ensures the
inclusion of only the useful topics and thus achieving higher
accuracy.
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